Two-dimensional (2D) transient flow over an erodible bed can be modelled using shallow-water equations and the Exner equation to describe the morphological evolution of the bed. Considering the fact that well-proven capacity formulae are based on one-dimensional (1D) experimental steady flows, the assessment of these empirical relations under unsteady 1D and 2D situations is important. In order to ensure the reliability of the numerical experimentation, the formulation has to be general enough to allow the use of different empirical laws. Moreover, the numerical scheme must handle correctly the coupling between the 2D shallow-water equations and the Exner equation under any condition. In this work, a finite-volume numerical scheme that includes these two main features will be exploited here in 1D and 2D laboratory test cases. The relative performances of Meyer-Peter and Müller, Ashida and Michiue, Engelund and Fredsoe, Fernandez Luque and Van Beek, Parker, Smart, Nielsen, Wong and Camenen and Larson formulations are analysed in terms of the root mean square error. A new discretization of the Smart formula is provided, leading to promising predictions of the erosion/deposition rates. The results arising from this work are useful to justify the use of an empirical sediment bed-load discharge formula among the ones studied, regardless of the hydrodynamic situation.
), each one arising from different laboratory and field data sets and developed for a limited range of conditions.
As they have been based on one-dimensional (1D) steady sediment transport experiments, their performance must be analysed to ensure a correct assessment of the sediment transport rates for more complex and realistic unsteady 1D and two-dimensional (2D) situations. These empirical formulae, despite having been developed for predicting sediment transport in alluvial channels, have been extended to a wider field of scientific work (Campisano et This proposed numerical scheme (Murillo & García- Navarro ) was tested using exact solutions over a movable bed so that the method was able to predict faithfully the overall behaviour of the solution and of any type of wave. 
MATHEMATICAL MODEL
The system of equations used in this work is obtained by coupling the 2D mass and momentum shallow-water equations and the 2D Exner equation, neglecting suspension terms. This set of equations is written as follows: 
and (ii) the bed shear-stress integral, τ bx and τ by , which written in terms of the Manning-Strickler coefficient n can be expressed as:
The bed-load discharge is assumed to follow the Grass formulation Grass ():
with:
where, following Murillo & García-Navarro (), A g is not a constant, but takes values according to different empirical formulations for sediment transport.
The sediment discharge can be expressed through the following dimensionless parameter:
where s ¼ ρ s =ρ w is the ratio between solid material (ρ s ) and
water densities, and d m is the median diameter of the sediment material. The dimensionless bed shear stress or Shields parameter, θ, can be expressed as:
where T b ¼ (τ bx , τ by ) is the bed shear stress written as in (3):
When inserting (8) in (7), the dimensionless shear stress is written as a function of the friction slope, θ ¼ θ(S f ):
Using (4) and (6), and bearing in mind (7)-(9), the empirical transport formulae have been expressed as: 
NUMERICAL ALGORITHM
The computational method used to solve the coupled system in (1) is based on a finite-volume scheme, described in detail in Murillo & García-Navarro () . This method divides the domain in computational cells using a mesh 
Slope formulation and discretization for the Smart model
The evaluation of A g,i at each cell is required along the simulation, and depends on the empirical formula used for bedload transport. All the empirical formulations presented in Table 1 are written as a function of the friction slope through the Shields parameter, θ i ¼ θ(S f,i ), with: using the friction slope in order to avoid undesirable results associated with flat bottoms, where the bed slope becomes null and consequently the sediment discharge is not available. The use of the friction slope in the sediment discharge formula is coherent with the fact that the 
where n u,i is the unit vector associated with the local velocity u, i at each cell i and S o,i ¼ (S ox , S oy ) is calculated through the slope at each k cell edge:
where NE is the number of cell edges, δz is the difference of bottom heights, d n is the normal distance between the centres of cells and n x , n y are the components of the normal vector along the axis. Note that (13) can be used in both rectangular and triangular meshes.
In this work, the 2D formulation and discretization of the Smart model proposed is referred to as the Smart combined friction and bed slope (Smart CFBS):
When using the friction slope under any morphodynamic condition, this option will be called Smart.
Geomorphological collapse
When managing transient geomorphological flows in realistic cases, the geotechnical equilibrium bank characteristics can be ruined, leading to dramatic channel metamorphosis. This effect needs to be modelled to reproduce correctly bed-geometry evolution in combination with flow action. In this work, the effect of the geomorphological collapse is introduced in the simulation by a simple mass conservative mechanism of slope sliding failure, assuming that the angle of repose of submerged material of the bed can be approximated by the friction angle. The failure mechanism is applied by comparison between the bed slope in each cell edge k, computed as δz k =d n k , and the angle of repose of saturated bed material Test A
TEST CASES
Test A corresponds to a reservoir partially filled with sediments and includes a downward step. Figure 2 shows the longitudinal bed and surface profiles calculated using the From both results, it can be concluded that the bed-level predictions are not influenced by the mesh size.
The results provided by the unstructured grid give similar conclusions to those described in the 1D test case. Smart CFBS is the formula that provides the more accurate results.
On the other hand, when comparing the numerical results obtained in 1D and 2D situations, it can be appreciated that in bidimensional situations, the error increases with independence of the employed formula. This is justified by the fact that in a 2D flow, the projections of the normal vector to the edge of each cell have to be taken into account.
Furthermore, it is necessary to bear in mind the fact that the capacity formulae tested in this work are based on 1D experimental steady flows, so it is expected that these formulae provide less accurate results under 2D unsteady situations.
Dam break flow over an erodible bed (2D)
This experiment was designed at the laboratory of UCL Initial bed level (---) , computed water-level surface (À4À) and bed-level surface (-▴-) at t ¼ 120 s (left). Bed-level surface evolution in time measured at stations SA(À W À), SB (À À) and SC (À4À) and computed at stations SA (À⋆À), SB (ÀÀ) and SC (À■À) (right). morphodynamic changes. Figure 17 Evolution in time of the measured (À W À) and computed (À À) overtopping discharge (right).
direction after the opening of the gate, remains in time.
The rest of the bed surface becomes almost planar.
The results shown in Figure 18 display the experimental bed level and the computed ones using the Smart CFBS and MPM formulae at the three cross sections, S1, S2 and S3. The Finally, at the third section, section S3, which is placed in a position to study the effect of the wall roughness in the sedimentary process, the two formulations of sediment transport provide results totally different, both quite far away from the experimental values. This may be due to the fact that this numerical 2D model in the horizontal plane makes a depth average of the velocity gradient in the vertical plane, underestimating the erosion/deposition rates in the zone close to the wall. Hence, the model tends to smooth the results at that point. In this section, the MPM formula provides more accurate results than the Smart CFBS formula. This can be justified by the fact that in sections S1 and S2, the MPM formula predicts a bigger erosion rate than the Smart CFBS formulation, leading to an increase of deposition rate in the zone close to the wall, section S3.
The RMSEs of every section and every bed-load discharge are shown in Figure 19 . The results obtained with the Smart CFBS formula are always among the ones that provide less error. The RMSEs obtained at section S3 are not shown, for the sake of clarity, due to the fact n ¼ 0.0185. The water-level evolution was measured at different points, whose locations are indicated in Table 2 .
The bed level was also recorded at specific sections at the end of the experiment, displayed in Table 3 . Once the gate is opened, the flow remains 1D until it arrives at the enlarge- All sediment transport formulations are able to describe the deposition of material on the left bank and the erosion on the right bank. More noticeable differences appear for the predicted bed level at the right bank, where deposition processes take place.
On the left bank (y ¼ 0, looking upstream) of section S1, located close to the widening zone, all sediment transport formulations predict a bed profile that follows closely the pattern given by the experimental data. The Smart CFBS, Wong (4.93) and Wong (3.97) formulae provide the most accurate bed 
CONCLUSIONS
In this work, the Smart CFBS formula has been adapted from the original one in a non-trivial way. The bed slope in the original formula is replaced by the friction slope for zero or adverse slopes, and the bed slope is used for favourable slopes. This formulation is shown to be the best bed-load formula for transient morphological problems that involve 1D and 2D situations.
In the first set of test cases, the bed-load formulae have been applied to solve dam break flows over dry/wet initial conditions. In experiment A, over favourable slopes and a When numerically modelling dam erosion and failure, it has been found that the Smart CFBS formula is applicable in all the flow regimes present in the experiment. In addition, the Engelund & Fredsoe capacity formula provides correct results in bed-level predictions, although the Smart CFBS formula better estimates the maximum discharge value reached in the experiments. It is also worth mentioning that, for downstream steep slopes, the computational time associated with the peak discharge value was calculated earlier. When comparing the numerical results of the 2D simulation with those obtained for a 1D discretization, it can be observed that the RMSEs are slightly bigger in the 2D cases and the 2D results follow closely the tendencies given by the 1D formulation.
In the third experiment, a symmetric dam break over a mobile bed in a channel with an enlargement zone was numerically reproduced. In this case, a 2D flow was generated, and differences among different sediment formulations are less noticeable. Numerical results follow the tendency of the final bed morphology, underestimating the length of the diamond-shaped body and the thickness of the eroded layer. In the last experiment studied in this paper, where an erodible channel with a sudden enlargement produces a 2D flow, the computational results show good agreement with experimental values for the different sediment formulae. When comparing the results with the ones provided by other numerical schemes (UCLM and UCM), it is observed how the numerical method used in this work produces much less diffusive results for the bed forms, resulting in more accurate predictions. This diffusive effect is especially remarkable when comparing the results for the elongated sedimentary body that appears on the right bank. Furthermore, it is worth noting the fact that a coarser mesh is employed when using the Smart CFBS method, which gives less computational time.
Finally, although the Smart CFBS discretization reaches the most accurate results in all cases, in a genuinely 2D flow, that is, a situation involving more than one flow direction, the differences among sediment transport formulae are not as noticeable as in the 1D situations studied. This study has allowed a careful and detailed analysis of the relative behaviour to be performed in 2D situations of different sediment discharge formulae that were derived from 1D laboratory cases, and use of the Smart CFBS formula is suggested, regardless of the hydro-morphodynamic situation.
